Conventional rheological characterisation using nuclear magnetic resonance (NMR) typically utilises spatially-resolved measurements of velocity. We propose a new approach to rheometry using pulsed field gradient (PFG) NMR which readily extends the application of MR rheometry to single-axis gradient hardware. The quantitative use of flow propagators in this application is challenging because of the introduction of artefacts during Fourier transform, which arise when realistic sampling strategies are limited by experimental and hardware constraints and when particular spatial and temporal resolution are required. The method outlined in this paper involves the cumulant analysis of the acquisition data directly, thereby preventing the introduction of artefacts and reducing data acquisition times. A model-dependent approach is developed to enable the pipe-flow characterisation of fluids demonstrating non-Newtonian power-law rheology, involving the use of an analytical expression describing the flow propagator in terms of the flow behaviour index. The sensitivity of this approach was investigated and found to be robust to the signal-to-noise ratio (SNR) and number of acquired data points, enabling an increase in temporal resolution defined by the SNR. Validation of the simulated results was provided by an experimental case study on shear-thinning aqueous xanthan gum solutions, whose rheology could be accurately characterised using a power-law model across the experimental shear rate range of 1-100 s
Introduction
Rheological characterisation using nuclear magnetic resonance (NMR) typically utilises spatially-resolved measurements of velocity to characterise local shear rates [1] . However, accurate rheological characterisation requires the accurate measurement of velocity and the corresponding pressure drop, with the range of shear rates that the data is accurate over sensitive to a combination of the velocity resolution, number of spatially-resolved data points, and flow properties [2] . The accuracy of the measured velocity data is sensitive to a combination of the signal-to-noise ratio (SNR) and the number of spatially-resolved data points. Depending on the system under study, over 100 spatially-resolved velocity data points might be required [3] . Conventional imaging techniques limit the temporal resolution of this approach and although a number of fast imaging techniques exist [4] [5] [6] , many of these are unable to provide the spatial resolution required. To this end, and with a transition to low field hardware in mind, recent research has focused on developing new acquisition and analysis strategies enabling flow [7] and rheological characterisation [8] in real-time. Many of these strategies are indirect measurements of flow, exploiting the sensitivity of spin-spin relaxation times to translational motion [9, 10] .
Phase encoding NMR techniques offer an alternative method of (direct) velocity characterisation and are perhaps the most robust and quantitative way of measuring flow [11] . Molecules experiencing coherent motion, i.e. flow, will accrue a phase shift proportional to their displacement, f, during an observation time, D, with the residual phase shift (/) equal to cgdf, where c is the gyromagnetic ratio and d and g the duration and magnitude of the flow-encoding gradient, respectively, applied along a single axis parallel to the direction of flow. Note that displacement and velocity, v, may be used interchangeably, where f = vD. The signal is sampled in q-space, defined as q = (1/2p)cgd, with q-space traversed either by increasing the duration or the magnitude of the flow-encoding gradient [11] .
Early work by Packer [12] theoretically investigated the effect of coherent motion on the NMR signal for a static flow-encoding gradient, i.e. with D equal to d such that / = cvgd 2 . The effect was validated experimentally to characterise a single-velocity flow system. For multiple-velocity flow systems, the acquired signal in q-space is a superposition of signals from each isochromat of nuclear spins, each possessing a different phase shift. Fourier transformation of the signal in q-space yields a displacement, or velocity, probability distribution that completely characterises the flow under study [13] . This was utilised by Grover and Singer [14] to characterise the velocity probability distribution of flow through a human finger, and later by Garroway [15] for water flow through a cylindrical pipe. More recent technique developments in this area have also been made [16] .
The use of volume-averaged displacement probability distributions for rheological characterisation was theoretically described by McCarthy et al. [17] , and qualitative experimental agreement was later demonstrated for a range of Newtonian and non-Newtonian fluids [18] . Despite recent efforts [19] , the quantitative use of displacement probability distributions remains challenging. We introduce a new approach utilising pulsed field gradient (PFG) NMR and cumulant analysis to enable the characterisation of power-law fluids, during flow, using only a single-axis gradient system. The removal of spatial encoding increases the SNR associated with the measurement.
PFG-NMR is a phase encoding technique involving the application of pulsed flow-encoding gradients with increasing (or decreasing) magnitude, in conjunction with spin echoes [20] or stimulated echoes [21] , to traverse q-space. The signal acquired in q-space, S(q), incorporates both coherent and incoherent motion, with the latter responsible for an attenuation of the signal due to a distribution of phase [20] :
where p(f) represents the displacement probability distribution, or flow propagator [22] , and D the molecular self-diffusivity. The signal in q-space and the displacement probability distribution are mutually conjugate Fourier pairs, and so Fourier transformation of S(q) yields p(f). This approach is developed here to enable characterisation of the flow behaviour index, n, describing the non-linear contribution to the stress response of a non-Newtonian fluid subjected to deformational flow. For a power-law fluid:
where s and _ c represent the shear stress and shear rate, respectively, and k is the consistency index. Perturbations in the flow behaviour index can be responsible for considerable changes in fluid behaviour and, therefore, the characterisation and monitoring of such behaviour is critical to many industrial flow processes, including spraying, mixing, and coating [23] . Using simple fluid mechanics it can be shown that, for flow through a cylindrical pipe, the displacement at radial position r is given by:
where hfi is the mean fluid displacement and R is the radius of the pipe. Fig. 1 shows displacement profiles for three fluids, and demonstrates a reduction in the maximum displacement as the flow behaviour index is reduced. It follows that perturbations in the flow behaviour index will therefore be expected to induce changes in the flow propagator, and this is exploited in this work. The q-space vector has dimensions of reciprocal length and so the increment in q defines the field-of-flow (FOF) and the range of q-space sampled defines the resolution of the flow propagator. To obtain the displacement probability distribution without the introduction of artefacts during Fourier transform, S(q) is required to be sampled at adequate density, defined by the FOF, and over a sufficient range of q-space such that the signal approaches zero. Gradient strength limitations and spin relaxation times restrict the range of q-space accessible and so the introduction of truncation artefacts during Fourier transform may be experimentally unavoidable. Furthermore, the long acquisition times associated with such sampling requirements, typically of the order of tens of minutes, prevent the real-time characterisation of non-Newtonian fluids using magnetic resonance. In this paper, we develop a cumulant analysis approach eliminating these requirements, and thus removing the prohibitively long acquisition times.
Cumulant analysis has previously been used in the NMR community to analyse the flow of Newtonian and non-Newtonian fluids at low SNR [24, 25] . Here we extend and apply these methodologies to characterise the flow behaviour index of power-law fluids. The signal in q-space may be approximated, over low-q, by the power series expansion of the cumulant-generating function:
where X j corresponds to the j th cumulant. Upon expansion of Eq. (4), even powers of q give the log-magnitude of the signal, while odd powers of q give the phase of the signal. The signal in q-space is non-Gaussian and so cumulants above second order can be extracted. If cumulants are known for a suitable range of flow behaviour indices, with given experimental parameters, calculation of the flow behaviour index is possible through comparison of the experimental cumulants with those obtained numerically. Furthermore, the error associated with a cumulant may be determined by performing a non-linear regression across an increasing range of q-space, as outlined by Scheven et al. [25] , with the standard deviation of the cumulants providing a measure of the error. The robustness of cumulant analysis to SNR is exploited in this work to determine the minimum data needed to characterise the flow behaviour index with reasonable accuracy, here defined as ±5%, this error being typical of conventional rheometry methods [26] . Several variables may contribute to the accuracy of the characterisation; namely SNR, number of sampled q-space data points, and n characterising the fluid under study. These variables are investigated systematically using simulated NMR data. The relative contributions of each variable to the accuracy of the characterisation are also considered. Validation of the simulations is provided through an experimental study of non-Newtonian shear-thinning (n < 1) xanthan gum solutions and (Newtonian) water using NMR. Further validation is provided using conventional rheometry methods. The technique developed here is model-dependent, and so caution must be taken to ensure the fluid under study demonstrates power-law rheology across the shear rate range of the system. Any deviation from power-law rheology would result in an increase in the error associated with the characterisation. In contrast, conventional rheometry and MRI velocity profiles [3] provide model-independent data, with a fit to an empirical model performed at a later time (if required). Unlike MRI velocity profiles, however, the accuracy of the characterisation using PFG-NMR is independent of the shear rate range investigated, providing power-law rheology is maintained.
Model development
The analysis of acquisition data using cumulants first requires the simulation of S(q) for a suitable range of n. Previous work by Kaiser et al. [27] generated S(q) numerically using Eq. (1) for a finite spin ensemble of 10 4 spins. Here we use an analytical expression derived by McCarthy et al. [17] to describe p(f) as a function of the flow behaviour index, enabling the validation of numerical simulations. The details of the derivation are shown below. The displacement, f, can be correlated to a range of radial distances, r, using:
where f max (n), equal to f((2n + 1)/(n + 1)), is the maximum fluid displacement. If we assume a homogeneous spin density, p(f) per unit length is proportional to the area of the flow field dA, with dA given by the differential of A(f), where AðfÞ ¼ pr f ð Þ 2 , p(f) can be described as:
We now drop the constant pR 2 for convenience and the evaluation of the differential in Eq. (6) yields an analytical expression describing the displacement probability distribution as a function of the flow behaviour index:
0; f max 6 f:
Equations describing the displacement probability distribution for fluids demonstrating Newtonian, plug flow, and Bingham plastic behaviour may be found in the literature [17, 18] . Fig. 2(a) shows the displacement probability distributions for the three examples of flow behaviour index considered in Fig. 1 ; it is seen that a reduction in n is responsible for a reduction in the maximum displacement and an increase in the maximum probability. These changes are due to a flattening of the flow profile with increasing n as shown in Fig. 1 . When the constitutive equation describing the rheological behaviour of the fluid under study does not allow the analytical differentiation of Eq. (6), p(f, n) can be determined numerically.
Experimentally, the outflow of spins will lead to some loss of signal, with the amount lost related to the displacement, or velocity. To account for this, a correction is applied to the displacement probability distributions given by: p 0 ðf; nÞ ¼ ð1 À aÞpðf; nÞ; ð8Þ where a = f/L and L is the length of the excitation region, and p 0 (f, n) represents the experimentally acquired displacement probability distribution. Eq. (8) must also be applied to the experimentally acquired flow propagators to recover p(f, n). The signal measured in q-space becomes:
Sðq; nÞ Sð0Þ ¼
As shown in Fig. 2(b) , the changes in the displacement probability distributions observed in Fig. 2 (a) cause a reduction in the frequency of the oscillation in q-space but an increase in the amplitude of the oscillation as n decreases. The existence of a relationship between the acquired signal and the flow behaviour index makes PFG-NMR an ideal tool for the characterisation of the flow behaviour index of fluids demonstrating power-law rheology; it is non-invasive and not limited by optical opacity, offering advantages over alternative imaging and sensor techniques. This is a model-dependent approach, and so holds true only for instances where the rheology of a fluid may be accurately described by the power-law empirical model across the range of shear rates investigated.
The log-magnitude and phase of the q-space signal, shown in Fig. 3 for the three examples of flow behaviour index, can be accurately approximated over a low-q range using the result of the cumulant expansion:
where r 2 , c 3 , and l 4 represent the second, third and fourth central moments, respectively, often referred to as variance, skewness, and kurtosis. The low-q signal may only be accurately represented by a truncated cumulant expansion if free of systematic residuals, as can arise from broken Hermitian symmetry due to experimental artefacts. If the non-Hermitian component is only a small fraction of the signal, the signal may be symmetrized using the method outlined by Scheven et al. [25] . Systematic residuals may also be introduced if the data cannot be accurately described by a truncated cumulant expansion. To eliminate the introduction of residuals, a maximum fit range is evaluated through analysis of the quality of the fit (Q) for an increasing range of q-space using methods described elsewhere [25] . A critical value of Q is defined, Q c , below which the fit is considered unacceptable. The maximum fit range |q max | is the maximum range for which Q > Q c . A non-linear least squares regression of Eqs. (10) and (11) is then performed across an increasing range of q-space to the limit of |q max |, with lower limits on the fit range defined as 2 À1/2 |q max | for the log-magnitude and 2 À1/3 |q max | for the phase of the q-space signal, as proposed in the literature [25] , yielding multiple cumulants. The cumulants reported in this paper are the mean cumulant values and the errors are the standard deviation of the cumulants. If the limit of |q max | is not reached, the value of |q max | can be assumed to equal the maximum value of q-space sampled. Eqs. (7)- (9) were used to simulate q-space data for a suitable range of flow behaviour indices, with typical experimental parameters. Using the methods outlined previously, cumulants for all flow behaviour indices were then obtained from the simulated q-space data. The relationship between cumulants and the flow behaviour index is shown in Fig. 4 for (a) variance, (b) skewness, and (c) kurtosis, with variance observed to be unique in its solution of n. If we assume a Gaussian distribution of cumulants corresponding to the increasing fit range, a flow behaviour index probability distribution can be produced for each cumulant using the mean cumulant value and the standard deviation of the cumulants. The product of the three distributions, denoted p(n) and given
, gives the overall distribution. The flow behaviour indices reported in this paper correspond to the weighted mean and unbiased estimates of the standard deviation of the flow behaviour index calculated from p(n).
Materials and methods

Experimental
Materials
Aqueous solutions of xanthan gum (Sigma Aldrich, UK) were prepared in concentrations of 0.2, 0.4, and 0.6 wt% using deionised water (ELGA Purelab Option). These concentrations were selected to ensure power-law rheology across a suitable range of shear rates [28] . Complete dissolution of xanthan gum was achieved by stirring for 8 h using an overhead stirrer (Ika-Werke RW20); care was taken to prevent air entrapment during this process.
The flow system, consisting of a 14 mm internal diameter (i.d.) Perspex pipe of length 2 m and approximately 8 m of 10 mm i.d.
PVC tubing with a total loop volume of 1.5 L, was operated in a closed loop configuration. A peristaltic pump (MasterFlex Console Drive) capable of delivering flow rates of up to 50 mL s À1 was used, and steady flow was ensured through coupling of the pump with a flow pulsation dampener. The radiofrequency (r.f.) coil was situated 1.5 m downstream of the pipe inlet, exceeding an inlet length of 60 times pipe i.d. recommended to ensure developed flow [29] . Experiments were performed at a flow rate of 11.5 ± 0.5 mL s À1 to produce a mean velocity of 75 ± 4 mm s
À1
. This is within the laminar flow regime which is typically observed for Reynolds numbers up to 2000 [29] .
Magnetic resonance
All experiments were performed on a Bruker AV85 spectrometer operating with a 2 T horizontal-bore superconducting magnet. The magnet was fitted with a 60 mm i.d. birdcage r.f. coil tuned to a frequency of 85.2 MHz for the 1 H resonance. A three-axis gradient system with a maximum gradient strength of 10.7 G cm À1 was used for spatial and flow encoding. A 13-interval alternating pulsed field gradient stimulated echo (APGSTE) pulse sequence was used, as shown in Fig. 5 , to acquire the high-q data required to obtain a full flow propagator, and the low-q data for cumulant analysis. The two sets of data are not acquired simultaneously due to the sampling requirements outlined in Section 1. To obtain the full flow propagator, gradient pulses with 2 ms duration (d) and 40 ms separation (D) were applied and the flow-encoding gradient magnitude g was incremented linearly between ±6.0 G cm À1 in 128 steps (N), to sample a q-space range of ±5100 m ln(|S(q)|) [-] (b) (a) , gradient pulses were applied with d = 0.5 ms and D = 50 ms. The gradient magnitude was incremented linearly in 128 steps between ±0.5 G cm À1 to give an acquisition time of 85 min with TR = 10 s and 4 signal averages. These acquisition parameters were used for all samples. Much shorter acquisition times can be achieved when fewer gradient increments are required for the data analysis, as shown in Section 4, or by using fast velocity encoding techniques [14] [15] [16] . To validate the accuracy of the PFG-NMR measurements, spatially-resolved velocity images were acquired for each of the aqueous xanthan gum concentrations using a simple slice selective spin-echo flow MRI sequence [30] , with a slice thickness of 10 mm. Data were acquired with SNR = 100. A field-of-view of 18 mm was selected in both the read and phase directions with 128 phase increments and 128 read points, to give a resolution of 141 lm Â 141 lm. Flow-encoding gradients were applied with d = 2 ms and D = 20 ms, and two increments in gradient magnitude were utilised with the magnitude calibrated for each sample to ensure a maximum phase shift of 2p. The acquisition time for the velocity image was 45 min with a TR of 2.6 s and four signal averages. For quantification of the velocity images, a zero velocity image was also acquired for each sample giving a total acquisition time of 90 min. All experiments were performed at 19.0 ± 0.5°C.
Conventional rheometry
Measurements of the flow behaviour index were validated using a Rheometric Scientific ARES 320 rheometer. A smooth-walled concentric cylinder Couette cell, with inner cylinder of outer diameter 32 mm and length 34 mm, was used for all samples. The wall gap was 1 mm and the temperature was maintained at 19.0 ± 1.0°C. The rheometer was operated in controlled-shear mode, with stress measured during a two-way shear rate sweep of between 500 and 0.01 s À1 .
Simulations
Simulations were performed in MATLAB 2012b, operating under Windows 7. To examine the sensitivity of this technique to important experimental parameters, data were generated by the addition of pseudo-random Gaussian noise in quadrature, with zero mean and standard deviation r, to noise-free data obtained using Eq. (9) 
where e(q) represents the noise in the signal. SNR is here defined as the ratio of the signal intensity in the centre of q-space to the standard deviation of the noise. Simulation parameters, including gradient pulse timings and magnitudes, were identical to the experimental parameters outlined in Section 3.1.2 for the acquisition of low-q data. Remaining parameters are defined as follows:
The value of f max was determined by evaluating Eq. (3) at r = 0 for each value of flow behaviour index, and p 0 (f, n) was determined for 2 15 linear increments of f between zero and f max , with f = 3.57 mm, agreeing with that used experimentally. The flow behaviour index was increased linearly between 0.1 and 1 in 10 steps, corresponding to a shear rate range of 0-1000 s À1 for a pipe diameter of 14 mm.
q-space was linearly sampled between the minimum and maximum values, defined by the gradient timings and magnitude, using 2 A points, with A taking integer values between 1 and 10 (to sample 2-2048 points). Noise was incremented linearly between 0% and 10% in 11 steps, corresponding to a SNR range of 10-1.
Simulations using cumulant analysis were performed 10 2 times, each with pseudo-random Gaussian noise, for all combinations of experimental parameters. Mean cumulants and the weighted mean flow behaviour index were determined for each repetition using methods outlined in Section 2, and the simulation values reported are the mean and standard deviation of the mean cumulants and weighted mean flow behaviour indices, respectively. To generate the cumulant data for comparison with experimental data, 150 increments in the flow behaviour index were utilised evenly spaced between 0.01 and 1.50 to provide a resolution in the flow behaviour index of 0.01. 
Results and discussion
Sensitivity to the flow behaviour index
The sensitivity of the cumulant analysis technique to the flow behaviour index is demonstrated in Fig. 6 , which shows the mean variance and error associated with flow behaviour indices of 0.1-1 for (a) 256 and (b) 16 q-space data points, linearly sampled between ±106 m À1 , with SNR of (i) 1, (ii) 100, and (iii) 50. As seen in Fig. 6 , the mean variance values remain approximately constant, deviating from unity by less than ±1%, thus indicating an absence of systematic error and robustness to changes in experimental parameters, as well as n. In contrast, the error increases with a reduction in the flow behaviour index, reduction in the SNR, and reduction in the number of sampled q-space data points; for 16 sampled q-space data points and SNR of 50, the error in the measurement of variance is reduced from 7% to 4% as the flow behaviour index increases from 0.1 to 1. Similar trends are observed for skewness and kurtosis.
Using the methods proposed in Section 2, the mean and standard deviation of the weighted mean flow behaviour indices were determined from the cumulants. Fig. 7 compares the expected n to that predicted using cumulant analysis, for (a) 256 and (b) 16 q-space data points, linearly sampled between ±106 m À1 , and SNR of (i) 1, (ii) 100, and (iii) 50, with the error bars equal to the standard deviation. The mean predicted flow behaviour index deviates from the expected index by less than ±2%, with the highest errors associated with SNR of 50 and 16 sampled data points, but the error changes considerably across the range of parameters investigated, increasing with a reduction in SNR and reduction in the number of sampled q-space data points. Fluctuations in the error are seen as n i varies, however, these fluctuations are minimal when compared to those induced as a result of changes in SNR and the number of sampled q-space data points. The accuracy of the characterisation is, therefore, largely insensitive to the flow behaviour index. Fig. 8 illustrates the error associated with the characterisation as a function of both noise and the number of sampled q-space data points, for (a) n = 0.1 and (b) n = 1.0. Noise is defined as the noise-to-signal ratio represented as a percentage, such that an SNR of 100 is equal to 1% noise, where the signal magnitude is taken at q = 0 m À1 . As expected, it is seen that, for a given accuracy of characterisation, the sampling requirement is highly dependent upon the noise level. For the experiments reported here, utilising a 2 T magnet, an SNR of 10,000 was typical. Under these conditions, only 4 data points are required to be sampled in q-space to provide an error of less than 5%. This represents a 97% reduction in the acquisition time using the approach proposed in this paper to characterise n, when compared with the acquisition of a full flow propagator with 128 phase encoding steps. As the noise increases, an increasing number of data points are required to achieve the same error, and for a noise level of 2%, 128 points are required to provide an error less than 5%. The results are in good agreement with previous work [25] and further demonstrate the robustness of cumulant analysis to reductions in SNR, with the degree of robustness to SNR dependent upon the number of sampled q-space data points. For a noise level of <1%, if an error of less than 5% is required in the measurement and n = 0.1, only 8 points are required. These results are significant as they imply that the technique can be used to determine quantitative rheological parameters on low field hardware, and even potentially Earth's Field NMR systems. On such systems, the low SNR associated with spatially-resolved measurements may render spatially-resolved measurements of velocity inaccurate and/or impractical.
Sensitivity to SNR and number of sampled q-space data points
Magnetic resonance displacement probability distributions
Volume-averaged flow propagators were acquired for each aqueous xanthan gum concentration at a flow rate of 11.5 ± 0.5 mL s
À1
. Shown in Fig. 9 are the flow propagators obtained for gum concentrations of (a) 0.0, (b) 0.2 and (c) 0.6 wt%. A correction was applied to the experimentally acquired flow propagators, in the form of Eq. (8), to recover p(f). As seen in Fig. 9 , an increase in the xanthan gum concentration from 0 to 0.6 wt% is responsible for a reduction in the maximum velocity from $150 to $100 mm s À1 , and an increase in the maximum probability, thus indicating a reduction in the flow behaviour index, i.e. an increase in shear-thinning behaviour. This trend is in agreement with the literature [31] . The flow rate calculated from the flow propagators was 12.8 ± 0.5 mL s
, with the error a result of the propagators demonstrating Gibbs ringing due to a truncation of the acquired signal in q-space. These artefacts are more pronounced with a reduction in the flow behaviour index due to the emergence of a dominant spike in the flow propagator. As the propagator approaches a shifted delta function, the signal acquired in q-space tends to a cosine function, as is observed in Fig. 2(b) , and so truncation of the signal is inevitable at lower values of flow behaviour index. Truncation artefacts could be minimised through apodisation of the acquired signal before Fourier transform, however, this would cause a loss in propagator resolution.
Magnetic resonance and cumulant analysis
The signal in q-space was acquired over a low-q range for the purpose of cumulant analysis. Symmetrisation of the complex acquisition data was performed using methods outlined in the literature [25] . The non-linear least squares regression of Eqs. (10) and (11) to the symmetrised log-magnitude and phase q-space data, respectively, yielded cumulants that varied with the flow behaviour index, as was demonstrated in Fig. 4 . Analysis of the fit quality across an increasing range of q-space showed that |q max |, the maximum fitting range, was not exceeded for any sample investigated, and so the regression was performed across the full range of ±106 m
À1
. Cumulants were generated for flow behaviour indices of 0.01-1.50 using the simulation method outlined previously in Section 2, and compared with those determined experimentally. Using this approach, the flow behaviour indices were characterised for the range of aqueous xanthan gum concentrations investigated experimentally, all of which indicated shear-thinning behaviour. Across the shear rate range of the NMR experiments (0-100 s À1 ), the flow behaviour indices were 1.01 ± 0.03, 0.39 ± 0.01, 0.23 ± 0.01, and 0.15 ± 0.01 for aqueous xanthan gum concentrations of 0, 0.2, 0.4, and 0.6 wt%, respectively, where the error represents the unbiased standard deviation of the flow behaviour index probability distribution.
An increase in xanthan gum concentration is responsible for a reduction in the flow behaviour index, as observed using the flow propagators, and the flow behaviour index of the 0 wt% sample is in agreement with that expected for a Newtonian fluid. A comparison of the experimental and regression data is shown in Fig. 10 for an aqueous xanthan gum concentration of 0.2 wt%, with the fit accurate to within the accuracy of the experimental data. Furthermore, if we now examine the influence of the number of sampled q-space data points on the weighted mean flow behaviour index obtained, as shown in Fig. 11 for an aqueous xanthan gum concentration of 0.2 wt%, we observe that even with only 8 sampled q-space data points the error associated with n is less than 3%. The limiting value of flow behaviour index, n l , is reached at $40 data points and, therefore, the acquisition of 128 points increases the acquisition time but does not enhance the accuracy of the characterisation. This result demonstrates that a reduction in acquisition time from 85 min to 5 min is possible when using the cumulant analysis approach compared to the acquisition of a volume-averaged flow propagator with 128 phase encoding steps. There are potential time savings associated with the proposed cumulant analysis approach when compared to flow MRI, however, a quantitative assessment of the time savings is difficult and will not be considered here.
Flow MRI
Full two-dimensional (2D) velocity images were acquired for each aqueous xanthan gum concentration with a spatial resolution of 141 lm Â 141 lm, sufficient to provide $100 spatially-resolved velocity data points across the geometry under study. Fig. 12 shows velocity image data for aqueous xanthan gum concentrations of (a) 0, (b) 0.2, and (c) 0.4 wt%, where the velocity represents axial velocity, i.e. z-velocity. The SNR in the images is 100. Flow rates calculated from the velocity images (11.6 ± 0.4 mL s (b) (a) Fig. 8 . Two-dimensional contour plots demonstrating the uncertainty (error) associated with the flow behaviour index for the range of SNR and number of sampled q-space data points investigated, for flow behaviour indices of (a) 0.1 and (b) 1, using 64 increments in both noise and number of sampled q-space data points.
suggest this technique to be accurate to within the limits of the error of the macroscopic flow measurement (11.5 ± 0.5 mL s
À1
).
The maximum velocity for 0 wt% aqueous xanthan gum solution was observed to have a value of 154 mm s
, also within the experimental error assuming a parabolic velocity profile (150 ± 8 mm s
), corresponding to a Reynolds number of $1100.
A transition to the turbulent flow regime is typically observed between Reynolds numbers of 2000-4000 [29] . As expected, the velocity images do not demonstrate any of the features attributed to turbulent flow, with the velocity images showing the radial symmetry typical of laminar flow.
The flow behaviour index was characterised by performing a non-linear 2D regression of D À1 f(r) to the velocity image data, with f(r) given by Eq. (3). This non-linear regression is depicted in 1D in Fig. 13 by means of velocity profiles generated using radially averaged 2D velocity image and regression data. The experimental data and fitted data shown in Fig. 13 are in excellent agreement to within the accuracy of the experimental data for all aqueous xanthan gum concentrations investigated, confirming power-law rheology over the shear rate range of the NMR experiments (1-100 s
). Using this method, the flow behaviour index was found to be 0.99 ± 0.04, 0.39 ± 0.02, 0.25 ± 0.01, and 0.15 ± 0.01 for aqueous xanthan gum concentrations of 0, 0.2, 0.4, and 0.6 wt%, respectively, where the error is representative of a 95% confidence interval in the individual fit. The flow behaviour indices determined using cumulant analysis are in agreement to within 8% of those found using flow MRI, and absent of any systematic error. The cumulant analysis technique proposed in this paper therefore offers a new approach to rheological characterisation using NMR, with a potential increase in temporal resolution enabling rapid perturbations in flow behaviour index to be identified. Furthermore, the requirement of more expensive gradient hardware is negated, with this technique requiring only a single axis low-power gradient system. This approach could be applied on low field, portable hardware due to the robustness demonstrated by cumulant analysis to poor SNR. [mm]
(c) (b) (a) Fig. 9 . Plots to show volume-averaged experimentally-acquired flow propagators for (a) 0.0, (b) 0.2 and (c) 0.6 wt% aqueous xanthan gum, acquired in 85 min. The propagators demonstrate a reduction in maximum velocity and increase in maximum probability for an increase in gum concentration. An increase in truncation artefacts is observed as the xanthan gum concentration is increased from 0.0 to 0.6 wt% due to the propagator approaching a shifted delta function, this corresponding to a cosine signal in q-space. 11 . The flow behaviour index, n, plotted as a ratio of the flow behaviour index at 128 points, termed the limiting flow behaviour index and denoted n l , for 0.2 wt% aqueous xanthan gum. The increasing number of q-space data points is sampled linearly between ±106 m À1 . The flow behaviour indices were calculated using cumulants determined from a single least-squares regression to the experimental data.
Conventional rheometry
To validate the results of NMR methods, rheological characterisation was also performed on conventional rheometry apparatus. Stress was measured across a shear rate sweep of 0.01-500 s À1 and the measured apparent shear viscosity-shear rate curves for 0.2, 0.4, and 0.6 wt% aqueous xanthan gum solutions studied are shown in Fig. 14 across the shear rate range of the NMR experiments. Shear viscosity is defined as the shear stress to shear rate ratio. At low values of shear rate a flattening of the curves was observed, with the shear viscosity approaching the low-shear viscosity. As expected, an increase in the xanthan gum concentration caused an increase in the low-shear viscosity. For all samples investigated, an increase in the shear rate causes a reduction in the shear viscosity, indicating shear-thinning behaviour. This is in great agreement with trends observed using NMR techniques. The apparent shear stress measured by the rheometer is given, for a fluid demonstrating power-law rheology, by:
where s a is the apparent shear stress. All fluids investigated demonstrated excellent agreement to the power-law model across a shear rate range of 1-200 s
À1
, the same order magnitude as those of the NMR experiments (1-100 s À1 ). The non-linear regression of Eq. (13) to the apparent shear stress-shear rate data across the shear rate range of the NMR experiments yielded flow behaviour indices of 1.00 ± 0.01, 0.37 ± 0.01, 0.24 ± 0.01, and 0.15 ± 0.01 for 0, 0.2, 0.4, and 0.6 wt%, respectively, where the error is representative of a 95% confidence interval in the individual fit. The flow behaviour indices determined using this method are compared with those using spatially-resolved NMR and cumulant analysis in Fig. 15 , with the results from the three methods observed to be in agreement to within 5%.
Conclusions
In this paper, a new PFG-NMR analysis approach was proposed enabling the characterisation of the flow behaviour index using a cumulant analysis. An expression describing the signal acquired in q-space in terms of the flow behaviour index, n, was used to systematically investigate parameters of interest including SNR, number of sampled q-space data points, and the flow behaviour index. It was shown that cumulant analysis is robust to reductions in the number of sampled q-space data points and reductions in SNR. An increase in temporal resolution of the proposed approach is possible through a reduction in the number of sampled points when compared to the acquisition of a full flow propagator, with the reduction limited by the SNR of the system.
To validate this proposed PFG-NMR and cumulant analysis approach we have shown excellent agreement (to within 8%) between the flow behaviour indices obtained using the cumulant analysis and flow MRI data; these indices were then demonstrated to be in agreement, within 5%, of the same quantities determined by conventional rheometry. All flow behaviour indices quoted were characterised across a shear rate range of 1-100 s À1 . Using this approach we have shown that with SNR as low as 50, quantitative results can be acquired to within 5% when 128 q-space points are sampled. This can be reduced to as low as 8 q-space points for SNR of 100 to obtain results of the same accuracy, and only 4 points with SNR >10,000.
An obvious implication of this is that the requirement of only a single-axis, low-power gradient system removes the need for more expensive hardware for the MR characterisation of non-Newtonian fluids. Furthermore, the robustness of this approach to SNR <100 opens up opportunities for use with low field, portable hardware.
